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A nearly losed ballisti billiard with random boundary transmission
Igor Rozhkov, Ganpathy Murthy
Department of Physis and Astronomy, University of Kentuky, Lexington, Kentuky 40506
A variety of mesosopi systems an be represented as billiard with a random oupling to the
exterior at the boundary. Examples inlude quantum dots with multiple leads, quantum orrals with
dierent kinds of atoms forming the boundary, and optial avities with random surfae refrative
index. We study an eletroni billiard with no internal impurities weakly oupled to the exterior by
a large number of leads. We onstrut a supersymmetri nonlinear σ-model by averaging over the
random oupling strengths between bound states and hannels. The resulting theory an be used
to evaluate the statistial properties of any physially measurable quantity. As an illustration, we
present results for the loal density of states.
When the size L of a two-dimensional (2D) mesosopi
struture is redued beyond the elasti mean free path
l of the eletrons, all the sattering takes plae at the
boundary. An eletron may esape through the bound-
ary, get reeted bak speularly, or partiipate in both
proesses. Besides quantum dots [1℄, whih an exhibit
both diusive and ballisti behavior [2, 3℄, there are meso-
sopi billiards whih are ballisti by onstrution. Ex-
amples inlude quantum orrals (QC) [4℄, optial orrals
[5℄, optial resonant avities [6℄, and the artiial atoms
proposed in Ref. [7℄.
A quantum dot has boundary losses, unless the onn-
ing potential is hosen to be innitely high. Suh losses
are usually modeled by oupling to a number (possibly
innite) of open hannels [8℄, although the preise de-
tails of oupling are generally unknown. In this paper
we fous on internal ballisti dynamis of a lean irular
dot whih is nearly losed, i.e., it is weakly oupled to
a large number of leads. The ruial ingredient in our
model is the randomness of the transmission oeients.
It enables us to arry out an ensemble average using the
supersymmetry method [9℄, and, as a side-benet, ats as
a natural regularizer, helping us avoid the tehnial di-
ulties of previous supersymmetri approahes to losed
ballisti systems [3, 10℄. The resulting theory is a sur-
fae σ-model, whih resembles the onventional diusive
σ-model [9℄, but has the diusion modes onned at the
boundary of the dot. These an be assoiated with las-
sial whispering gallery trajetories, whih run along the
walls of the system and are known to strongly inuene
transport through mesosopi strutures [11℄.
Furthermore, as pointed out in Ref. [12℄, the ballisti
analogs of density relaxation modes in diusive samples
originate from trajetories whih remain lose to eah
other in onguration spae. Given the almost losed
nature of our dot, the whispering gallery modes (WGM)
[11℄ are expeted to impat the long-time harateristis
of the internal dynamis and to play a major role in quan-
tum interferene eets. By ontrast, the star-like and
asterisk trajetories, whih approah the lead mouth at
small angles to the boundary normal and are more likely
to exit the billiard, annot ontribute [13℄ to the response
funtions. In other examples [4, 7℄ the eletrons do not
deay into well-dened leads, but beause of the signif-
iant similarities between the three nanostrutures our
approah will apply, mutatis mutandis, to them as well.
To be spei, the long-lived modes whih play a hief
role in their internal dynamis have the same lassial
origin.
A quantum dot in whih eletrons are onned by a
hard wall potential but an esape into leads [14℄ an be
desribed by the non-Hermitian eetive Hamiltonian
Heff = H0 ∓
i
2
N
leads∑
n=1
B̂nδCn , (1)
Here, H0 is the Hamiltonian of the losed quantum dot,
and δCn is a surfae δ-funtion with uniform support on
the rossetion Cn whih separates the nth lead from the
billiard. It is important to note that the leads have been
integrated out. In other words, one replaes an open
dot with plane wave boundary onditions in the asymp-
toti region and Dirihlet onditions along the rest of the
boundary, with a losed dot and simplied boundary on-
ditions [14℄. The operators B̂n are dened through their
ation on an arbitrary funtion
B̂nΨ(r) =
∫
Cn
Mhannels
n∑
i
γ(i)n v
(i)
n ϕ
(i)
n (r)ϕ
(i)
n (r
′) Ψ (r′) dr′,
where γ
(i)
n < 1 is a oupling oeient, v
(i)
n is a trans-
verse veloity, and ϕ
(i)
n is a normalized eigenfuntion of
transverse motion for ith hannel in nth lead.
Thus, the solution of the original open dot problem
redues to the solution of
(E −Heff )G
R,A (r, r′) = δ (r− r′) , (2)
for the retarded (advaned) Green's funtion GR,A, with
Neumann boundary onditions (xnvr) G
R,A (r, r′)
∣∣
Cn
=
0, where xn is a unit vetor parallel to the waveguide
walls, and vr is the veloity operator. It ats from the
side of the lead.
Just as in studies of haoti sattering [15℄, the key tool
in alulations of response funtions of ballisti (or disor-
dered) systems with leads is the operator (E −Heff )
−1
.
2In the framework of the supersymmetry method it an be
treated in the same way as (E −H0)
−1
, as was done in
Ref. [14℄, where nonperturbative alulations were ar-
ried out for disordered dots. Note, that we pursue the
non-universal, i.e. non-random matrix theory regime.
For a ballisti dot the dynamis is governed by the
operator: H0 = (p− (e/c)A)
2
, where we assumed no
potential and a onstant magneti eld. The latter is
introdued to break time reversal symmetry, whih sim-
plies the appliation of the supersymmetry method, and
makes the illustration of our approah more transparent.
We intend to alulate averages over the Gaussian
distribution of dimensionless oupling oeients γ
(i)
n .
The relation of these oeients to stiking probabili-
ties, transmission oeients and other ommonly used
parameters an be found in Ref. [15℄ in the ontext of
the Hamiltonian approah to haoti sattering. More
insight on the physial meaning of these oeients an
be gained from Refs. [16℄.
Before ommening our supersymmetri derivation, we
make a few simplifying assumptions. These assumptions
an all be relaxed without aeting the physis, but are
needed to simplify the tehnial details. We allow only
one open hannel in eah lead and express the oupling
oeients as a sum of onstant and stohasti parts:
γn = γ + γ˜n. For the statistis of γ˜n we assume that
〈γ˜n〉 = 0, 〈γ˜nγ˜m〉 = x
2δnm, and that all higher moments
fatorize into seond moments. Next, we eliminate the
leads [14℄, passing to the Hamiltonian given by Eq. (1).
Upon introdution of four-omponent supervetors
Ψ(r)T = {S1 (r) , χ1 (r) , S2 (r) , χ2 (r)}, and supermatri-
es L = diag {1, 1− 1, 1}, Λ = diag {1, 1− 1,−1} (see,
for example, Ref. [17℄), the supersymmetri generating
funtional reads [18℄
〈Z [J ]〉γ˜n =
∫
dΨ∗dΨe−L[Ψ]
〈
e
−Lδ [Ψ]
〉
γ˜n
, (3)
where 〈. . . 〉γ˜n indiates averaging over random ouplings
to the leads
L [Ψ] = i
∫
Ψ† (r) ĤLΨ(r) dr
+
γ
2
N∑
n=1
vn
∫
Cn
Ψ† (yn)ϕn (yn)ϕn (y
′
n) ΛLΨ(y
′
n) ,
Lδ [Ψ] =
N∑
n=1
γ˜nvn
2
∫
Cn
Ψ† (yn)ϕn (yn)ϕn (y
′
n) ΛLΨ(y
′
n) .
with Ĥ = Ĥ0I4 + iǫΛ, (ǫ is innitesimally small) Ĥ0 =
−∇2/2m−E, ϕn (y) =
√
2/dn sin (πy/dn) (for hard-wall
lead of width dn). Here
∫
Cn
stands for a double integra-
tion over yn and y
′
n, the transverse oordinates along the
rossetion Cn (perpendiular to the walls of a waveg-
uide); the produt dyndy
′
n will be omitted in what fol-
lows.
Averaging over γ˜n produes:〈
e
−Lδ[Ψ]
〉
γ
= e
∑
N
n=1
x
2
v
2
n
8 {
∫
Cn
Ψ†(yn)ϕ(yn)ϕ(y′n)LΨ(y
′
n)}
2
.
Then, using the Hubbard-Stratonovih transformation,
we deouple the interation terms, introduing super-
symmetri elds Qn (yn, y
′
n) dened at eah rossetion
Cn. To simplify the form of the ation we further assume
that the leads have idential width d and are attahed ev-
erywhere along the perimeter of the dot. We hoose the
total number N = 2πR/d (R is the radius of the ir-
le enlosing the dot) of leads to be large, and therefore
d ≪ R. We also assume idential transverse veloities:
vn = v. In the limit N →∞, the density eld Q beomes
ontinuous. It turns into a funtion of a single variable 
the polar angle θ.
After the Gaussian integration over Ψ(r)-variables, an
important supermatrix whih needs to be determined is
the eetive Green's funtion G (r, r′). It satises(
−Ĥ0 − i
mxva
2
δ (r −R)
r
Q˜ (θ)
)
G (r, r′) = iδ (r− r′) .
where Q˜ (θ) = Q (θ) − (γ/2xmd)Λ and a = 4Rd. The
generating funtion takes the form
〈Z [J ]〉γ =
∫
DQeF [Q]+Fǫ[G],
with the free energy
F [Q] = Str
∫
drdr′
{
−
m2a
2
Q (θ)2
×
δ (r −R)
r
δ (r− r′) + ln−iG−1 (r, r′)
}
, (4)
and the symmetry breaking term Fǫ [G] =
−Str
∫
ln (I4 + ǫΛG (r, r
′)) drdr′. The funtional in-
tegration over Q (θ) is performed in saddle point
approximation, whih requires the solution of
Qsp (θ) =
xv
2m
G (R,R, θ, θ,Qsp (θ)) . (5)
Assuming the solution to be diagonal and oordinate in-
dependent, we arrive at usual struture of the saddle
point: Qsp (θ) = Q0Λ. In order to analyze the utua-
tions, the onstant Q0 and the diagonal Green's funtion
supermatrix Gsp (r, r
′) are neessary. Thus, we mapped
the original problem with random boundary ondition
onto the eetive problem speied by the dierential
equation:(
∇2 − s2
)
Gsp (r, r
′, θ, θ′) = −
2miδ (r − r′) δ (θ − θ′)
r
,
(6)
and the uniform boundary ondition
∂
∂r
Gsp (r, r
′, θ, θ′)|S− = i
bQ˜0
R
Gsp (r, r
′, θ, θ′)|S− , (7)
3where s2 = −2mE, b = m2avx, and S− is the inner
surfae of the dot. For both inner (r < R) and outer
(r > R) domains the solutions are readily obtained and
mathed together. Below we will only need the solution
for the inner domain, whih an be written in terms of
the modied Bessel funtions In and Kn of nth order
[19℄:
Gsp
(
r, r′, s2
)
=
im
π
∑
l
Il (sr<)
×{alIl (sr>) +Kl (sr>)} e
il(θ−θ′), (8)
and oeients al are given via
al =
−ibQ′0Kl (sR) + sRK
′
l (sR)
ibQ′0Il (sR)− sRI
′
l (sR)
.
Then, Q0 is obtained from the stationary point ondition
(Eq. (5)). Dropping the imaginary part of Q˜0, sine it
an be absorbed into E, we get
∑
n
I2n (g˜)
(fIn (g˜))
2 + (g˜I ′n (g˜))
2 =
2π
(
1 + γ
2xmdQ˜0
)
xvb
(9)
Next, we set g˜ = sR, f = bQ˜0, and evaluate the sum over
n in Eq. (9) asymptotially in the following limit: g˜ ≫ 1,
f/g˜ ∼ 1. We replae the sum with the integral, swith to
the new variable µ = ν/g˜, use uniform expansion for the
Bessel funtion Iν (ν/µ) [20℄ and expand the integrand in
1/g˜; see Ref. [19℄ for the details. After the substitution
g˜ → −ig (s→ −ik) the left-hand side of Eq. (9) beomes
π/2
√
f2 − g2 to the leading order in 1/g. Therefore, we
have an algebrai equation for f (or Q˜0), whih an be
solved with the help of the ondition k2− (π/d)
2
= m2v2
.
At this point we introdue several relevant energy
sales in natural units ~ = c = 1: Thouless energy
ET = k/ (mR), mean level spaing of a losed dot ∆ =
1/
(
mR2
)
, and a total resonane width Γ = γ/ (mdR)
related to the modal deay rate of a dot having identi-
al oupling oeients γ to all N hannels. In our al-
most losed dot we have the following hierarhy of sales:
ET ≫ ∆ ≫ Γ. Therefore, the set of dimensionless
parameters speifying the problem ompletely is given
by g = ET /∆ = kR ≫ 1 (dimensionless ondutane),
M = Γ/∆ ≪ 1 (modal overlap) together with γ, x and
v. Any other onstants whih enters Eqs. (4, 5), an be
expressed in terms of these ve. Hereafter we ontinue
to use the old set of parameters, inluding f and Q˜0, to
keep the notation ompat. The energy sales we just
speied are to be used in omparison of our preditions
to experimental and numerial results.
Now, we turn to the utuations around the saddle
point, whih an be deomposed into a transverse piee
δQ(t) (along the saddle point manifold [9℄) and a longi-
tudinal piee δQ(l) (orthogonal to the saddle point man-
ifold). The part of the ation orresponding to the δQ(t)
(antiommuting with Q) is given by [21℄
Ft [δQ] = −m
2a
∫ 2π
0
(
δQ(t) (θ)
)2
dθ +
(mxva
2
)2
×
∫ 2π
0
∫ 2π
0
G (Q)G (−Q) δQ(t) (θ) δQ(t) (θ′) dθdθ′.
Expanding in angular harmonis δQ(t) (θ) =∑∞
l=−∞Q
(t)
l exp {ilθ} /2π and using the Ward iden-
tity (relation between produt and dierene of G (Q)
and G (−Q)) it is possible to show that the massive term
in Ft [δQ] is proportional to mRγ/πxQ˜0 ≪ 1. Then,
applying the same tehnique, as in the solution of Eq.
(9), we nd that, to the leading order in 1/g, the free
energy is quadrati in δQ(t) (θ) for vanishingly small ǫ,
and arrive at
Ft [δQ] ≃ −D0
∫ 2π
0
(
∂δQ(t)
∂θ
)2
dθ,
D0 =
(
mxvaπ
4Q˜0
)
g
(
2g2 + f2
)
f3
√
f2 − g2
.
To nish the onstrution of the nonlinear σ-model, we
integrate out the longitudinal modes, whih deouple
at this order in 1/g from the transverse ones, and set
δQ(t) = Q. Next, we expand the symmetry breaking
terms Fǫ [G (Q)] to the lowest order in ǫ. The result is
given by 〈Z [J ]〉γ =
∫
DQe−F [Q], with the free energy
F [Q] = Str
∫
drdr′
{
D0
(
∂Q
∂θ
)2
δ (r −R)
r
δ (r− r′)
+
∫
dθ′′ǫΛQ (θ′′) a (r, R, θ′′; r′, R, θ′′)
}
, (10)
a (r, R, θ′′; r′, R, θ′′) = i
mdxv
2
Gsp (R, θ
′′, r′)Gsp (r, R, θ
′′)
where r> (r<) is a maximum (minimum) of |r| and
|r′|. The supermatrix Q satises a nonlinear onstraint
Q2 = Q20I4 and an be parametrized as suggested in Refs.
[9, 17℄ for the diusive ase. The n-point orrelations
an be generated from the funtional given by Eq. (10),
whih is the main result of this paper. Just as in ase
of the supersymmetri nonlinear σ-model of Ref. [9℄, the
diusion modes learly play an important role in the su-
perintegrals representing orrelators.
A physially measurable quantity whih does not
depend on utuations around the saddle point is
average loal density of states (LDOS) 〈ρ (r)〉γ =
− (1/π)ℑ 〈G (r, r′, E)〉γ . Our Indeed, this one-point
funtion neither requires the knowledge of the Λ-
like struture of the saddle point manifold, nor its
expliit parametrization. It an be shown that,
4ℑ 〈G (r, r′, E)〉γ = ℑ
〈
G
(
r, r′, θ, θ′, s2 + iǫ
)〉
Q
∣∣∣
s=−ik
,
where 〈. . . 〉Q stands for integration with weight
exp {−F [Q]} (Eq. (10) ). This integration redues
to evaluating the integrand at the saddle point. Most
onveniently, the average LDOS an be alulated
via regularized resolvent K˜
(
r, s2
)
= G
(
r, r, θ, θ, s2
)
−
G0
(
r, r, θ, θ, s2
)
[19℄: π 〈ρ (r)〉γ = m + ℑK˜
(
r, s2
)∣∣∣
s=−ik
.
The result reads
ℑK˜
(
s2
)
=
m
π
f
∑
n
I2n (κg)
f2I2n (g) + g
2 (I ′n (g))
2 , (11)
where κ = r/R. This expression for ℑK˜
(
s2
)
an be
further simplied for the limiting ases: (i) κ ≪ 1/g,
when the main ontribution to sum in Eq. (11) omes
from the terms with small n, and (ii) κ & 1/g, when we
an employ the uniform expansions of In. The results
are summarized in Fig. 1.
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Figure 1: LDOS plotted as a funtion of κ in units of m/pi
for two sets of parameters: g = 50, M = 1/12 (dashed line);
and g = 200, M = 1/3 (solid line). In both ases the rest of
the parameters were xed x = 0.1; γ = 0.2; v = 100;
Thus, we have onstruted a nonperturbative theoret-
ial framework to analyze one partiular realization of a
whole lass of nanostrutures: a nearly losed system
with ballisti internal dynamis interating randomly
with the outside world through the boundary. Our ap-
proah introdues a natural regularizer, whih enables us
to irumvent the oneptual diulties of previous ap-
proahes to losed ballisti systems [10℄. We nd that the
resulting theory, enapsulated by Eq. (10), an be har-
aterized by diusive modes onned to the boundary
and interating nonloally with the interior (see the last
term of Eq. (10)). The supersymmetri funtional was
onstruted with the help of large angular momentum
modes identied as the WGM. These modes are expo-
nentially less likely to esape [13℄ ompared to the modes
with inidene diretions lose to the lead normals, and
onsequently, they dominate response funtions at large
times. Our framework should allow us to ompute the
statistial properties of any physially measurable quan-
tity, though tehnial diulties may impose strong lim-
its. It should be lear that our approah is also applia-
ble, with minor modiations, to other examples belong-
ing to this lass of systems.
Finally, the extension of this approah to generi bil-
liards with smooth walls (to be published elsewhere) is
also possible, although it is more tehnially involved
[26℄. At rst sight the non-linear supersymmetri σ-
model (NLSσM) for the rough billiards proposed in Ref.
[22℄ looks very similar to the NLSσMs we derived here for
open irular billiard (and for open rough billiard in Ref.
[26℄). However, there are several dierenes between two
models, whih an be summarized as follows. The dif-
fusion and (one-dimensional) loalization in angular mo-
mentum l spae desribed in Ref. [22℄ is guaranteed by
small hanges in l as the partile bounes o the walls. In
our ase, beause of the sharp edges of the region whih
onnets the leads to the dot the WGM trajetories may
have muh larger l inrements along the way. As a result
our model desribes diusion and loalization in position
(angle θ) spae rather than angular momentum spae.
Another issue is the role of eletroni interations. One
of the possible ways to take them into aount in diu-
sive and ballisti systems with large dimensionless on-
dutane, is to use a Universal Hamiltonian [23℄, whih
was shown to be the renormalization group xed point for
weak interations [24, 25℄. We hope to extend our anal-
ysis to the interating ballisti ase by using the large-N
approah of Ref. [25℄. We leave these questions for future
work.
We are grateful to the NSF for partial support under
DMR-0311761.
[1℄ Kouwenhoven L P et al., in Proeedings of NATO ASI
on Mesosopi Eletroni Transport edited by L.L. Sohn,
G. Sohn, and Kouwenhoven L P, 105 (Kluwer, Dordreht
1997).
[2℄ D. K. Ferry and S. M. Goodnik. Transport in nanostru-
tures (Cambridge University Press, 1997).
[3℄ A. Altland, C.R. Oer, and B.D. Simons, in Supersymme-
try and Trae Formulae, edited by I.V. Lerner, J.P. Keat-
ing, and D.E. Khmelnitskii (Kluwer, Dordreht, 1999).
[4℄ G.A. Fiete and E.J. Heller, Rev. Mod. Phys. 75, 933
(2003).
[5℄ Colas des Frans et al., Phys. Rev. Lett. 86, 4950 (2001).
[6℄ Turehi H E et al. e-print: physis/0308016.
[7℄ Y. Deanini and A. Folai, Phys. Rev. A 67, 042704
(2003).
[8℄ C. H. Lewenkopf and A. M¨uller and E. Doron, Phys.
Rev. A 45, 2635 (1992); for the reent review see Y.
V. Fyodorov, D. V. Savin and H.-J. Sommers, e-print:
ond-mat/0507016.
[9℄ K. Efetov. Supersymmetry in disorder and haos (Cam-
bridge University Press, 1997).
5[10℄ Y.M. Blanter, A.D. Mirlin, and B.A. Muzikantskii, Phys.
Rev. B 63, 235315 (2001); K.B. Efetov and V.R. Ko-
gan, Phys. Rev. B 67, 245312 (2003); K.B. Efetov, G.
Shwiete, and K. Takahashi, Phys. Rev. Lett. 92, 026807
(2004).
[11℄ R.G Nazmitdinov et al., Phys. Rev. E 64, 056214 (2001);
R.G Nazmitdinov et al., Phys. Rev. B 66, 085322 (2002).
[12℄ I. L. Aleiner and A. I. Larkin, Phys. Rev. E 55, R1243
(1997); K. Rihter and M. Sieber, Phys. Rev. Lett 89,
206801 (2002).
[13℄ C.D. Shwieters, J.A. Alford and J.B. Delos, Phys. Rev.
B, 54, 10652 (1996).
[14℄ Chapter 9 of Ref. [9℄.
[15℄ S. Iida, H. A. Weidenmüller and J. A. Zuk, Ann. Phys.
(NY) 200, 219 (1990); for a nie review see Y.V. Fyo-
dorov, H.-J. Sommers, J. Math. Phys. 38, 1918 (1997);
F.-M. Dittes, Phys. Rep. 339, 215 (2000).
[16℄ C.H. Lewenkopf, A. Müller, and E. Doron, Phys. Rev. A
45, 2635 (1992); K. Pihugin, H. Shanz, and P. Seba,
Phys. Rev. E 64, 056227 (2001); R.A. Mendez-Sanhez
et al., Phys. Rev. Lett. 91, 174102 (2003); O.I. Lobkis,
I.S. Rozhkov, and R.L. Weaver, ibid. 91, 194101 (2003).
[17℄ A. Mirlin, Phys. Rep. 326, 259 (2000); Proeedings of
the International Shool of Physis Enrio Fermi on
New Diretions in Quantum Chaos, eds. G. Casati, I.
Guarneri, and U. Smilansky (IOS Press Amsterdam,
2000), 223.
[18℄ To generate averages of produts of GR,A (r, r′), whih
is usually the goal in any statistial analysis, one
needs to introdue soure terms into ation L, suh as∫
Ψ† (r) J (r)Ψ (r) dr, with J (r) being a oordinate de-
pendent supermatrix, or
∫
Ψ† (r) J (r) + J† (r)Ψ (r) dr,
with J (r) being a oordinate dependent supervetor.
These terms are not important in the derivation of the
σ-model, and we ignore them in the proess.
[19℄ K. Stewartson and R.T. Waehter, Pro. Camb. Phil.
So. 69, 353 (1971); M. Sieber et al. J. Phys. A 28, 5041
(1995).
[20℄ M. Abramowitz and I.A. Stegun. Handbook of mathemat-
ial funtions (New York, Dover, 1965).
[21℄ Here we omit the variation of Fǫ [G]. It is easily restored
in the end.
[22℄ K. M. Frahm, Phys. Rev. B 55, R8626 (1997).
[23℄ A.V. Andreev and A. Kamenev, Phys. Rev. Lett. 81,
3199 (1998); P.W. Brouwer, Y. Oreg, and B.I. Halperin,
Phys. Rev. B, 60, R13977 (1999); H.U. Baranger, D.
Ullmo, and L.I. Glazman, ibid. 61, R2425 (2000); I.L.
Kurland, I.L. Aleiner, and B.L. Altshuler, ibid. 62, 14886
(2000).
[24℄ G. Murthy and H. Mathur, Phys. Rev. Lett. 89, 126804
(2002).
[25℄ G. Murthy et al., Phys. Rev. B 69, 075321 (2004).
[26℄ Igor Rozhkov and G. Murthy, e-print:
ond-mat/0507186.
